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Abstract
I report some recent results on the dynamics of polynomial diffeomorphisms of
$\mathbb{C}^{2}$ established by E. Bedford and J. Smillie. Relationships between the minimality
of the Lyapunov exponent, the connectivity of the Julia set, behavior of “dynamical
crtical points” et cetera are investigated. Key tools in their analysis (pluripotential
theory, Pesin theory and laminated spaces) are also explained.
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(pluripotential $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{y}$ ) $\rfloor$
$\text{ ^{}\mathrm{p}_{\mathrm{e}\mathrm{s}}\mathrm{i}\mathrm{n}}$
“critical points” (
$!$ ) “critical measure”
( 5 ).
$\mathrm{l}\mathrm{a}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$ space ( Riemann surface
lamination) ( $\backslash ^{l}-$ $\}\mathrm{c}6_{\text{ }}7$ )
–
5 7 $[\mathrm{B}\mathrm{S}5$ ,
$\mathrm{B}\mathrm{S}6,$ $\mathrm{B}\mathrm{S}7]$ [BSO] –
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Theorem 2.1 (Friedland-Milnor [FM]) $G$ $g$ ‘ ”
$f$
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? $\text{ }$ Friedland Milnor
Jung G $(_{y\mathrm{s}}=\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{t}$ . $y=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}’$ .
)
$f$ Hubbard Oberste-Vorth [HO]
$U^{\pm}\equiv\{\in \mathbb{C}^{2}|||f^{\pm n}||arrow+\infty(narrow+\infty)\}$ ,
$K\text{ }\equiv \mathbb{C}^{2}\backslash U^{\pm}$ , $J^{\pm}\equiv\partial I\{\pm$ .
$J^{\pm}$ $\{f^{\pm n}\}_{n\geq 0}$
$f$ (Julia set)







$||(x, y)||$ $\varphi^{+}$ $\pi_{1}$
$R>0$
$V^{+}\equiv\{\in \mathbb{C}^{2}||x|\geq|y|,$ $|x|\geq R\}$
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(1) $G^{+}\mathrm{o}f=d\cdot G^{+}$
$\mathbb{C}^{2}$ $G^{+}(x, y)>0$ $(x, y)\in U^{+}$





[HO] $\varphi^{+}$ $J^{-}\cap U^{+}$
Lemma 23 $G^{\pm}$ $\mathbb{C}^{2}$ $U^{\pm}$
$-(\mathrm{p}\mathrm{l}\mathrm{u}\mathrm{r}\mathrm{i}\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{m}\mathrm{o}\mathrm{n}\mathrm{i}\mathrm{C})$





$u$ : $Uarrow[-\infty, +\infty)$
( $U$ $u\not\equiv-\infty$ ) (–
) $-\infty$ $u$ (plu subham onic)
$u$
$h$ $h\mathrm{o}u$ holomorphic dynamics
( ) ( )
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Definition 3.2 $u,$ $-u$ $u$ $(plu\dot{\mathcal{H}}hamoni_{C})$
$C^{2}$ $u$






$D_{p,q}(U) \equiv\{_{|I|\mathrm{I}\mathrm{I}=}=p|i_{\mathrm{p}}\sum_{qJ}\emptyset I,Jdz_{i_{1}}\wedge\cdots\wedge d_{Z}\wedge d\overline{z}_{j}\wedge\cdots\wedge d1\overline{Z}_{j_{q}}|\emptyset I,J\in C_{0}^{\infty}(U)\}$,
$C_{\mathrm{p},q}(U) \equiv\{_{|I|}=p||j|=i_{p}\sum_{q}\emptyset I,Jd_{Z_{i_{1}}}\wedge\cdots\wedge dz\wedge d\overline{z}_{j_{1}}\wedge\cdots\wedge d\overline{z}_{\mathrm{j}_{q}}|\phi_{I,j}\in C_{0}0(U)\mathrm{I}$ .
$I=(i_{1}, \cdots, i_{p})$ $J=(j_{1}, \cdots,j_{q})$
$D_{p,q}(U)$
(test form)
Definition 3.3 $D_{n-p,n}-q(U)$ ($p$ , q)-
– $M$ $\mathbb{C}^{n}$ $k$
$2k$ $\varphi\in D_{\dot{k},k}(\mathbb{C}^{\dot{n}})$
$[M]( \varphi)\equiv\int_{M}\varphi|_{M}$
$[M]$ $(n-k, n-k)-$ $M$ $\mathbb{C}^{n}$
\mbox{\boldmath $\varphi$}
$[M]$ $M$ (current of integration)





Definition 3.5 $u_{1},$ $u_{2}$ $dd^{c}u_{1}\wedge dd^{C}u2$






([K1], page 113) $n=2$ $dd^{c}u_{1}\wedge dd^{\mathrm{C}}u2.$
.
4
$G^{\pm}$ $\mathbb{C}^{2}$ $(1, 1)-$ $\mu^{\pm}\equiv\frac{1}{2\pi}dd^{\mathrm{C}}G^{\pm}$
. 1 $—-\cdot\perp$ . . 1 $-\cdot\perp$ $—$ .
$(_{\overline{2\pi}}dd^{c}G1\pm, \chi)\equiv\langle_{\overline{2\pi}}G^{\pm}\mathrm{A},$ $ddc\chi)$ , $\chi\in D_{1,1}(\mathbb{C}^{2})$
Proposition 4.1 $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\mu^{\pm}=J^{\pm}$
.Proof. Lemma 23 $G^{+}$ $U^{\dotplus}$ \mu + $\equiv 0$
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\mu^{+}\subset J^{+}$ $x\in J^{+}$ $W$
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\mu^{+}\cap W$ $W$ $dd^{\mathrm{C}}G^{+}.\equiv 0$ $W\cap K^{+}$ $G^{+}\equiv 0$
$\mathbb{C}^{2}$ $G^{+}\geq 0$ W $G^{+}\equiv 0$ $W\cap U^{+}$ $G^{+}>0$
( )
$f^{*}ddcG^{\pm}\equiv ddc(c\pm \mathrm{o}f)$
(3) $f^{*}\mu^{+}=d\mu^{+}$ , $f^{*} \mu^{-}=\frac{1}{d}\mu-$
$.\text{ _{ } }$ (1)
$G^{\pm}$ Definition 3.5 $\mu\equiv\mu^{+}..\wedge$ \mu -
$( \mu^{+}\wedge\mu^{-}, \chi)=(\frac{1}{2\pi}dd^{C}G_{+}, \frac{1}{2\pi}G-dd\mathrm{c}x)$, $\chi\in D_{0,0}(\mathrm{c}^{2})$
$\mu$
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Proposition 42 $\mu$ $f$ - $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\mu\subset J$
$\mu$
$\mu$
$K\equiv K^{+}\cap I\zeta^{-}$ (complex $equilib\dot{\eta}um$



















Theorem 4.5 (Friedland-Milnor [FM], Bedford-Smillie [BS3], Smillie [Sm],
$\mathrm{B}\mathrm{e}\mathrm{d}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{d}-\mathrm{L}\mathrm{y}\mathrm{u}\mathrm{b}\mathrm{i}_{\mathbb{C}\mathrm{h}}-\mathrm{s}_{\mathrm{m}\mathrm{i}}11\mathrm{i}\mathrm{e}$ [BLS] $)$ $\mu[]\mathrm{h}$
$h_{\mu}(f)=\dot{h}(f)=\log d$ .
$f$ - $\mu$
$\mu$ – (maximal $ent$-roPy measure)
$f$
“ ”
Theorem 46 (Bedford-Smillie [BS3]) $\mu$ (mixing) (
$\text{ })$ . (hyperbolic measure)
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$\mu$ -. \tilde (ergodic)
$\mu$
([BS3]
) $h_{\mu}(f)>0$ Margulis-Ruelle ( $[\mathrm{P}\mathrm{o}]\rangle$
5 Pesin
Bedford-Smillie Pesin
( ) $\mathbb{C}^{2}$ $f$ Pbllicott
[Po] 1 ( )







$\lambda_{1}\geq\lambda_{2}$ $f$ (characteristic exponents)
$\Lambda_{\nu}(f)\equiv\lambda_{1}$ $f$ (Lyapunov exponent)
Definition 5.2 $\lambda_{1}>0>\lambda_{2}$ $\dot{\nu}$ ( ) (hyP-
erbolic measure)
Pesin
Definition 53 $\nu$ $\lambda_{1}\gg\epsilon>0_{\text{ }}-\lambda_{2}\gg\epsilon>0$
$\epsilon>0$ $k\in \mathrm{N}$
$\Lambda_{k}\equiv|$ $x\in \mathbb{C}^{2}$
so that, for all $n\geq 1,$ $m\in \mathbb{Z}$ , we have
(i) $||Df^{n}|D!m(E_{x}^{s})||\leq eek(e\lambda 2+\epsilon)ne^{1}m|$ ,
There exists a splitting $T_{x}\mathbb{C}^{2}=E_{x}^{u}\oplus E_{x}^{S}$ of the tangent
$\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}\}$
(ii) $||Df^{-}n|_{Df^{m}}(E_{x}u)||\leq e^{\epsilon k}e^{-(\lambda}-\epsilon)ne1\mathfrak{l}^{m}\mathrm{I}$ ,
(iii) $\tan\angle(Dfm(E_{x}S), Dfm(E_{x}^{u}))\geq e^{-\epsilon k}e^{-}\epsilon|m\mathrm{I}$ .
200




$f$ Pesin (Pesin set regular set)
Theorem 55(Oseledec) $\nu(\mathcal{R})=1$ .
Pesin
Theorem S.6 (Pesin) $>0$ $x\in\Lambda_{k}$ $r\equiv\epsilon_{0^{e^{-ek}}}$
(i) $x$ :
$.W_{l_{\mathit{0}}}^{u_{\mathrm{C}}}(x)\equiv\{y\in \mathbb{C}^{2}|d(f^{n}(x), fn(y))<r,$ $d(f^{n}\{X),f^{n}(y))<e1^{\lambda_{1}-e})n$ $(n\leq 0)\}$
(ii) $W_{\iota\circ c}^{u}(X)$ :
$h$ : $D^{u}(r)\equiv\{y\in E_{x}^{u}|||y||<r\}arrow E_{x}^{S}$
(iii) $T_{x}W_{\iota_{\mathit{0}}^{u_{\mathrm{C}}}}(X)=E_{x}^{u}$ o









“foliation” $x_{0}\in$ $F$ $x0$




tranversals $D_{:}(i=1,2)$ $W_{l_{\mathit{0}}}^{s}\mathrm{c}(x_{0})$ Cl-
$C^{1}$- (Theorem 55
$h$ )
$C^{1}$ - ( 3) foliation holonomy map.
$\chi=\chi(D_{1}, D_{2},F_{F}u).:D_{1}\cap W_{\iota_{\mathit{0}}\mathrm{c}}^{u}(F)arrow D_{2}\cap W_{lo}^{u_{\mathrm{C}}}(F)$
$\chi$ ( $\Lambda_{k}$ $E_{x}^{u}$ ) $D_{1}\cap W_{\iota_{\mathit{0}}^{u}\mathrm{c}}(F)$
$D_{2}\cap W_{\iota}u(\circ cF)$ $e^{u}/SW_{\iota_{\mathit{0}}}^{u}/S(F)\text{ }P^{u}/\equiv S\equiv s\mathrm{c}\circ C(u/S\cap W_{\iota}^{s/}uXo)$
$B\equiv B^{u}\cap B^{s}$ $P^{u}\cross P^{s}$
’.
Definition 61 $B$ Pesin box $.\text{ }B^{\mathrm{s}}$
.
(resp. $B^{u}$ ) (resp. ) Pesin box
Pesin $\prime \mathcal{R}$ Pesin box
$D$ $D$ $\phi$
$\mu^{-}|_{D}(\emptyset)\equiv\frac{1}{2\pi}\int G^{-}|_{D}dd\mathrm{C}|_{D}\phi$
$\mu^{-}|_{D}$ $D$ (slice measure )
$\mu^{-}|_{D}$ holonomy map $\chi$
Theorem 6.2 (Bedf.ord-Lyubich-Smillie [BLS])
$(\chi)_{*}(\mu^{-}|D^{\mathrm{L}(D_{1^{\cap}}}1u_{\mathrm{C}}W_{lo}(F)))=\mu^{-}|_{D_{2}}\mathrm{L}(D_{2\mathit{0}}\cap W_{l}u_{\mathrm{C}}(p))$.
$\mu^{-}|_{D\llcorner}A$ $\mu^{-}|_{D}$ $A$
$\mu$ Pesin box $B$ $B$
$B$ – Pesin box
$\prime p^{u/s}$ :
$\lambda^{u/s}\equiv\mu^{+/}-|_{W_{\mathrm{t}}}\vee\cdot \mathrm{o}\mathrm{c}/u(x\mathrm{o})\llcorner \mathcal{P}^{u}/S$
$P^{u}\cross P^{\mathrm{s}}$ $\lambda^{u}\otimes\lambda^{s}$ $B$ \mu \llcorner B
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7 critical points critical measure
– P. critical points $P$
Manning-Przytycki
$J_{p}$ - $P$ ( [Mi] )1 $\nu$
$\sqrt P$ (Brolin measure ) $\nu$ $P$
$\lambda_{\nu}(p)\equiv\lim_{narrow\infty}\frac{1}{n}\int\log|Dp^{n}(X)|d\nu(x)$
Theorem 7.1 (Manning [Ma], Przytycki [Pr]) - $P$ ( $d\geq 2$
)
$\lambda_{\nu}(p)=\log d+\sum c(_{C}i)i$
$\{c.\cdot\}$ $P$ critical points $G$ $J_{p}$
( ) $\mathbb{C}^{2}$
critical point Bedford Smillie [BS5]
$f$ “critical points” $I\zeta+$ $I\acute{\mathrm{t}}^{-}$
$’\tilde{\mathcal{R}}\equiv\{x\in \mathcal{R}|$ There exist $k$ and infinitely many $n_{j}<0$ so that $f^{n_{j}}.x\in\Lambda_{k}\}$
Definition 72
$C^{u}\equiv\cup \mathrm{c}\mathrm{r}\mathrm{i}p\in\tilde{\mathcal{R}}\mathrm{t}(G^{+}|wu\mathrm{t}p)\backslash K+)$
$f$ (unstable) dynamical $c\dot{n}ti_{C}al$ point
Crit $(g)$ $g$ ( ) critical points
. $\cdot$




(ii) $x\in$ $x$ $W^{u}(x)$ $\mathbb{C}$
$W^{u}(x) \subset\bigcup_{0n\geq}f^{n}(\bigcup_{j}B_{j}u)$ ,
(iii) $\tilde{R}$







$x_{j1^{\mathrm{O}}}+f^{n_{j+1^{-n_{j}}}}\mathrm{o}\chi j-1.$ : $D_{j}arrow D_{j+1}$
( 4) $\bigcup_{j>0}f-n\mathrm{j}\mathrm{O}x_{j+}-1(1D_{j+}1)$ $W^{u}(x)$
- $\Lambda_{k}(7)$ $|\psi_{j}’(0)|=||Dfn_{\mathrm{j}+1^{-n_{j}}}|E^{3}Jn_{j_{(x)}}||$ +
$\mathrm{m}\mathrm{o}\mathrm{d} (f^{-}n_{j}\mathrm{o}x_{j}^{-}+1(1Dj+1)\backslash f-nj-10\chi_{j}^{-1}(D_{j}))>2$
(Koebe )1 $\bigcup_{j>0}f-nj\mathrm{o}x^{-}j+1(1D_{j}+1)$ $\mathbb{C}$
$\bigcup_{n\geq 0}f^{n}(\bigcup_{j}\beta_{j}^{u})\supset\cup \mathrm{f}-\text{ }0\chi_{j}-(D_{j+}j>01+11)=W^{u}(_{X})$
(ii) (iii) Pesin ( )
- Pesin box $B^{u}$ $\mu_{c}^{-}$
Definition 7.4 $T$ Pesin box $B^{u}$ transversal $X\subset B^{u}$ $f$ critical
measure $\text{ }$
$\mu_{c^{\llcorner}}^{-e^{u}}(x)\equiv\int_{t\in T}\#\mathrm{C}\mathrm{r}\mathrm{i}\mathrm{t}(c+|_{(}\Gamma t\backslash K+)\cap x)d\mu-|_{T}(t)$
$\Gamma_{t}$ $B^{u}$ $t$
$\# A$ $A$ ( 5)
$c_{+}$ $(G^{+})^{*}$ $G^{+}$ $G^{+}\pm$
$i(G^{+})^{*}$ holonomy
$\}$ tansversal $T$ Pesin box
critical measure – $\cup B_{j}^{u}$ $\mu_{c}^{-}$.
Borel $A\subset \mathbb{C}^{2}$ $\mu_{\mathrm{c}}^{-}(A)$
$A_{n}\equiv(f^{n}(\cup B_{j}^{u})\backslash fn-1(\cup\beta u)j)\mathrm{n}A$
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Proposition 73 (ii) $f^{-n}(A_{n})\subset\cup B_{j}^{u}$
$\mu_{c}^{-}(A_{n})\equiv\frac{1}{d^{n}}\mu \mathrm{C}(-f-n(A_{n}.))$
$\mathrm{U}A_{n}=A$ $\mu_{C}^{-}(A)\equiv \mathrm{s}\sum\mu c(-A_{n})\text{ }$
$G^{+_{\mu_{\mathrm{c}}^{-}}}$ f-
Manning-Przytycki Bedford-Smillie
Theorem 7.5 (Bedford-Smillie [BS5]) $t>0$
$\Lambda_{\mu}(f)=\log d+\int_{t\leq Gtd}+<\mu_{\mathrm{C}}^{-}c+_{d}$ .
$\Lambda_{\dot{\mu}}(f^{-1}.)$
$f$ $\log d$
Definition 7.6 $f$ \Lambda \mu (f) $=\log d$ $f$
(solenoidal)
$f$ ( dynamical
critical point $\varphi^{+}$ )





$\Sigma_{+}\equiv\varliminf_{\backslash }(\mathbb{C}\backslash \overline{\Delta}, z\mapsto p_{0}(_{Z})=z)d$










$\hat{p}_{0}(\cdots, z-2, z-1, z\mathrm{o})\equiv(\cdots, z_{-}3, z_{-}2, z-1)$ .
(Example 1 )
Example 2.
$\Sigma.\equiv\varliminf_{\backslash }(|_{Z}|=1, zrightarrow p_{0}(z)=Z)d$
.
$\equiv\{(\cdots, z_{-2}, Z_{-1}, Z\mathrm{o})|z_{n}\in|z|=1,$ $p\mathrm{o}(Z:_{-}1)=z_{i}(i\leq 0)\}$ .
$p_{0}(z)=$
$z^{d}$
$\hat{P}0$ ( ) ( $(unit)$ solenoid)
$\Sigma$
$\Sigma_{+}$ “ ” (Example 2
)
Definition 8.1 $Z$ (Cr- ) laminated space $\mathcal{L}$
(i) $\mathcal{L}=\{L_{\lambda}\}_{\lambda}$ tf $Z$
(ii) $L\in L$ $X_{L}\subset \mathbb{R}^{m}$ $\mathrm{Y}_{L}$
.
$\rho_{L}$ : $Larrow X_{L}\cross Y_{L}$
(iii) $L,$ $L’\in \mathcal{L}$
$\rho_{L}0\rho_{L’}^{-}1$ : $\rho_{L’}(L\cap L’)arrow\rho_{L}(L\cap L^{J})$
$\rho_{L}0\rho_{L’}-1(x, y)=(g(x, y),$ $h(y))$ $g,$ $h$ $y$
$x\mapsto g(x, y)$ Cr- ( 6)
$\text{ }\rho^{-1}L(xL\cross\{y\})$ plaque $\rho_{L}0$ \rho
plaque plaque plaque
leaf $X_{L}$ $\mathbb{C}$ $xrightarrow g(x, y)$




Riemann surface lamination $[\mathrm{c}_{\mathrm{a}}]$
$V^{+}$ $\varphi^{+}$ $J^{-}\backslash IC^{+}$
$\varphi^{+}$
$\sqrt{}^{-}\backslash I\mathrm{f}^{+}$ – ( E. Spainer,
Algebmic Topology, McGraw-Hill (1966) page 76)
Lemma 82 $\pi$ : $\tilde{Y}arrow \mathrm{Y}$ $covering_{\text{ }}\psi$ : $Xarrow Y$ $A\subset X$ $X$





– $[\mathrm{B}\mathrm{S}5, \mathrm{B}\mathrm{S}6, \mathrm{B}\mathrm{S}7]$
’
Theorem 9.1 (Bedford-Smillie [BS5, $\mathrm{B}\mathrm{S}6,$ $\mathrm{B}\mathrm{S}7]$ ) $f$
(i) $f$ ( $\Lambda_{\mu}(f)=\log d$ )
(ii) $C^{u}=\emptyset_{0}$
(iii) $\varphi^{+}$ \mbox{\boldmath $\varphi$}+o $f(z)=(\varphi^{+}(Z))^{d}$ $J^{-}\backslash IC^{+}$
(iv) $J^{-}\backslash IC^{+}$ Riemann surface lamination $M_{-}$ leaf $M\in \mathcal{M}_{-}$
$\varphi^{+}|_{M}$ : $Marrow \mathbb{C}\backslash \overline{\Delta}$ holomorphic covering :
$f\text{ }.-\text{ _{ } }$
$.(.a)f$




$(b)$ $\Psi^{-1}$ – \Phi -1 :, $\Sigmaarrow J$ $\hat{p}_{0}$ $f$ semi-conjugacy
$J$ $\Sigma$ $J$
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(ii) $P$ $W^{u}(p)\backslash I\iota^{\nearrow+}$




Theorem 91 – Theorem
91(i) Theorem 9.1 (ii) critical measure Theorem 75.
Theorem 9.1 $(\mathrm{i}\mathrm{i})\Rightarrow \mathrm{C}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{y}$ $(\mathrm{i}\mathrm{i})$ $\Rightarrow \mathrm{C}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{y}$ $(\mathrm{i}\mathrm{i}\mathrm{i})$ $\Rightarrow$
Theorem 9.1 $(\mathrm{i}\mathrm{i}\mathrm{i})$ $\Rightarrow \mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}$ $9.1$ $(\mathrm{i}\mathrm{v})\Rightarrow \mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}$ $9.1$ $(\mathrm{i}\mathrm{i})$
Sketch of the Proof. $C^{u}=\emptyset$ Proposition 7.3 (i)
(4) Crit $(G^{+}|_{W^{u}}\mathrm{t}x)\backslash K+)=\emptyset$ for $\mu- \mathrm{a}.\mathrm{e}$ . $x\in \mathcal{R}$ .
critical measure $\mu_{\mathrm{c}}^{-}=0_{0}$ Theorem 75 $f$
$f$ (4) (
$C^{u}=\emptyset$ [BS6] Theorem 73 )
$C^{u}=\phi$ Proposition 73(iii) $p\in \mathcal{R}$
Crit $(G^{+}|_{W^{u}}\mathrm{t}p)\backslash K^{+})=\emptyset$
Claim 1. $W^{u}(p)$ $W^{u}(p)\cap I\mathrm{f}^{+}$ ( )
Proof. $g=(g_{1}, g_{2})$ : $\mathbb{C}arrow \mathbb{C}^{2}$ $W^{u}(p)$ uniformization $f\mathrm{o}\tilde{g}(z)=$




$h$ $\infty$ $V^{+}$ $G^{+}(x, y)\leq\log|x|+C$ $\log|g_{1}(Z)|arrow$
$+\infty$ (z\rightarrow \infty ) $g_{1}$ - $n$ \mbox{\boldmath $\pi$}i $\mathrm{o}f^{n}\mathrm{o}g(Z)=g1(\lambda nz)$
( $\pi_{1}$ – ) $f$ $g_{1}$ $d$ $k$
$\uparrow j$
$cz^{kd^{\mathfrak{n}}}$ $\lambda^{nk}z^{k}$ Claim 1
Claim 2. $\mathcal{O}$ $W^{u}(p)\backslash K^{+}$ $\mathcal{O}$
Proof. Claim 1 $\mathcal{O}$ $\Delta$ $\mathcal{O}$
$\sigma\subset \mathcal{O}$ int $\sigma\not\subset \mathcal{O}$ $m \equiv\min_{z\in\sigma}G+(Z)$
$\mathcal{O}(s)\equiv\{z\in \mathcal{O}|G^{+}(_{Z})\leq s\}$
. ( $E$ $E(s)$ ) $0<s_{0}<m$
$\mathcal{O}(s_{0})\cap \mathrm{i}\mathrm{n}\mathrm{t}\sigma\neq\emptyset$ $\mathcal{O}(s_{0})\cap \mathrm{e}\mathrm{x}\mathrm{t}\sigma\neq\emptyset$
$\sigma\subset \mathcal{O}’\subset \mathcal{O}$ $\partial \mathcal{O}’$ $G^{+}|_{\partial \mathcal{O}’}$ critical point
$\partial \mathcal{O}’$ $A$ (resp. $B$ ) int $\sigma$ (resp. $\mathrm{e}\mathrm{x}\mathrm{t}\sigma$ )
$A\cap \mathcal{O}(s_{0})\neq\emptyset$ (resp. $B\cap \mathcal{O}(s_{0})\neq\phi$ ) $A\cap B=\emptyset$
$\mathcal{O}’(.s)$ $A$ (resp. $B$ )
$\mathcal{O}_{A}’(s)$ (resp. $\mathcal{O}_{B}’(s)$ ) ( 8) $s_{0}<s<m$
(5) $\mathcal{O}_{A}’(s)\cap \mathcal{O}_{B(S)\emptyset}^{J}=$.
$m$ $s$ $s$
( $\mathcal{O}’$ critical point ) $\mathcal{O}’(s)$ topology
$s$ $G^{+}|_{\partial \mathcal{O}’}$ critical value $\mathcal{O}’(s)$ i)
ii) iii)
iv) $A\cap B=\emptyset$
$\mathcal{O}_{A}’(s)$ ( $\mathcal{O}_{B}’(s)$ )
$\mathrm{i})_{\text{ }}\mathrm{i}\mathrm{i})_{\text{ }}\mathrm{i}.\mathrm{v}$) (5)
$s>s_{0}$ (5)
.
$\mathcal{O}_{A}’(s)$ $\mathcal{O}_{B}’(s)$ path $G^{+}$ $M$.
$s>M$ path $\mathcal{O}_{A}’(s)$ $\mathcal{O}_{B}’(s)$
Claim 2 ( Corollary 93 $(\mathrm{i}\mathrm{i})$ )
$c$
Corollary 93(iii) $\iota$ : $\Deltaarrow \mathcal{O}$
$h\equiv G^{+}\mathrm{o}\iota$ critical point $h$
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Claim 3. $c>0$ $\theta_{0}\in-[0,2\pi]$ $h(z)=cP_{\theta_{\mathrm{O}}}(z)_{\circ}$
$P_{\theta}(z) \equiv{\rm Re}(\frac{e^{i\theta}+z}{e^{i\theta}-z})$
$e^{i\theta}\in\partial\triangle$ (Poisson kemel)
Proof Nevanlinna ( $\mathrm{R}$, Nevanlinna, Analytic Functions, Die Grundlehren der
mathematischen Wissenschaften, Band 162, Springer 1970, page 204, $209$ )
\theta \in $[0, 2\pi]$ $q\equiv \mathrm{l}\mathrm{i}\mathrm{m}r\nearrow 1\iota(re^{i})\theta$ $q\in\partial \mathcal{O}\subset I\mathrm{f}^{+}$
$\theta\in[0,2\pi]$ $\lim_{r\nearrow 1}h(re^{i\theta})=0$
$h$ $\triangle$ $\partial\triangle$ $\nu$
$h(z)= \int P_{\theta}(z)d\nu(Z)$
(Herglotz ) $d \nu=\frac{1}{2\pi}gd\theta+d\lambda$
$g\in L^{1}[0,2\pi)\text{ }g\geq 0_{\text{ }}\lambda$ $\partial\Delta$ $\lim_{r\nearrow 1}h(re)i\theta=$
$g(\theta)$ $\theta\in[0,2\pi]$ (M. Tsuji, Potential Theory in Modem
Function Theory, Theorem IV.14. ) $\nu$ $\partial\triangle$
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\nu$ – $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\nu$ $P_{\text{ }}Q$
Claim 3 ( $\partial\triangle$ – ) $P<R<Q<S$
$\lim_{r\nearrow R}1,re:\thetaarrow,sh(re^{i})\theta$ $\partial\Delta$ $R_{\text{ }}S$ $R$ .S
$h$ $M$ - $P_{\text{ }}Q$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\nu$
$P_{\text{ }^{}\prime}Q’$ $P$ $Q$ $h(P’)>2M$ $h(Q’)>2M$ $P’$ $Q’$
$h$ $m$ $R$ $S$
$R_{\text{ }^{}\prime}S’$
.
$R$ $S$ $h(R’)<m$ $h(S’)<m$









Proof. $\mathbb{H}$ \Delta $e^{i\theta}$ $u$ $\alpha\equiv u\mathrm{o}\iota$
Claim 3 $G^{+}(\alpha(z))=cP_{\theta_{0}}(u(Z))$ $\mathbb{H}$ $\infty$
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$R>0$ $s\equiv\varphi^{+}$ $(s, y)$ $V^{+}$
Claim 5. $G\subset\{|z|>R\}$ – $s_{0}\in G$ :
$H$ : $G\mathrm{x}(\varphi^{+})^{-}1(s\mathrm{o})arrow J^{-}\cap(\varphi^{+})^{-1}G$
$\varphi^{+_{\mathrm{o}H}}(s, t)=S$ $t$ $H(\cdot, t)$
Proof. $p\in \mathcal{R}$ holomorphic disk $D^{u}\subset W^{u}(p)_{\text{ }}P\in D^{u}$





$M$ $W^{u}(p)\cap(\varphi^{+})^{-1}G$ Claim 4 $\varphi^{+}|_{M}$ : $Marrow G$












Proof. $\rho>0$ $J^{-}.[\rho]\subset V^{-}$ $J^{-}[\rho]$ $\varphi^{+}$
$\varphi^{+}$ $J^{-}[\rho^{1/}]d$ $J^{-}\backslash I\acute{\mathrm{t}}^{+}$ $\pi$ : $\mathbb{C}\backslash \overline{\triangle}arrow \mathbb{C}\backslash \overline{\triangle}$
$\pi(z)=z^{d}$ $\psi\equiv\varphi^{+}\mathrm{o}f$ $\mathrm{r}_{J^{-}[\rho^{1}}/d$] (6) \mbox{\boldmath $\varphi$}+
$\mathrm{r}\pi 0\psi’=\psi$ \psi ’ : $J^{-}[\rho^{l}]/darrow \mathbb{C}\backslash \overline{\Delta}$
Lemma 82 $J^{-}[\rho]$ $J^{-}[\rho^{1/d}]$
$f^{n}(\sqrt{}^{-}[\rho])=\sqrt{}^{-1\rho]}dn$ $f^{n}$ $J^{-}[\rho]$
$\rho^{1/d}$ :
$S\equiv\{z\in \mathbb{C}||z|\geq\rho^{1/d}$ and $\theta_{0}\leq\arg(z)\leq\theta_{1}\}$




Claim 7. $J_{-}.\backslash Ic_{+}$ Riemann surface lamination $\mathcal{M}^{-}$ leaf $M$
$\text{ _{}\varphi^{+}}|_{M}$ : $Marrow \mathbb{C}\backslash \overline{\Delta}$
Proof. $P\in\sqrt{}^{-}\backslash I\iota^{\nearrow+}$ $|\varphi^{+}(p)|.>2R$ Claim 6 $H$ $P$
$P\in J^{-}\backslash I\mathrm{t}^{\prime+}$ $n>0$ .
$|\varphi^{+}\mathrm{o}f^{n}(P)|>2R$ $\xi\equiv\varphi^{+}\mathrm{o}f^{n}(P)$ $\zeta_{1},$ $\cdots,$
$\zeta_{d^{n}}$ $z^{d^{n}}=\xi$
( $(_{1}=\varphi^{+}(p))$ $\xi$ $V$ $\{z|z^{d^{n}}\in V\}$
$G_{1},$
$\cdots,$





Proposition 7.3 (ii) $x\in\tilde{R}$ $\nu V^{u}(x)$ $\mathbb{C}$
$W^{u}(x)\backslash I\mathrm{f}^{+}$ lamination $\mathcal{M}^{-}$ leaf Claim 7 Crit $(c+\mathrm{i}_{W^{u}}\mathrm{t}x)\backslash K+)=\emptyset$
$C^{u}=\emptyset$ Theorem 9.1 (ii) $\mathrm{Q}.\mathrm{E}$.D.
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